Facility location decision is basically viewed as a long-term strategy, so the inherited uncertainty of main parameters ought to be taken into account in order to make models applicable. In this paper, we examine the impact of uncertain transportation costs and customers' demands on the choice of optimal location decisions and allocation plans. This leads to the formulation of the facility location-allocation (FLA) problem as a fuzzy minimum risk programming, in which the uncertain parameters are assumed to be characterized by type-2 fuzzy variables with known type-2 possibility distributions. Since the inherent complexity of type-2 fuzzy FLA may be troublesome, existing methods are no longer effective in handling the proposed problems directly. We first derive the critical value formula for possibility value-at-risk reduced fuzzy variable of type-2 triangular fuzzy variable. On the basis of formula obtained, we can convert original fuzzy FLA model into its equivalent parametric mixed integer programming form, which can be solved by conventional numerical algorithms or general-purpose software. Taking use of structural characteristics of the equivalent optimization, we design a parameter decomposition method. Finally, a numerical example is presented to highlight the significance of the fuzzy FLA model. The computational results show the credibility and superiority of the proposed parametric optimization method.
Introduction
Facility location-allocation problem consists of how to choose the optimal location among a given set of possible sites and simultaneously how to arrange the allocation of the available products such that the total cost is minimized. The concept of FLA was initially proposed by Cooper [1] . Since then, FLA has attracted more and more researchers' attention [2] [3] [4] and has been successfully applied in many real-world fields such as emergency service systems, telecommunication networks, gas stations, automated teller machines, and supply chain management. Along with a bewildering variety of FLA models, numerous algorithms have been designed such as the branch-and-bound algorithm [5] , simulated annealing [6] , and tabu search [7] . A thorough coverage of the most FLA variants and a broad overview of their mathematical formulations as well as case studies can be found in the work of Arabani and Farahani [8] and Drezner and Hamacher [9] .
Facility location decisions play a critical role in strategic planning for a wide range of private and public firms. The main parameters of models, that is, costs, demands, travel times, and other inputs to classic FLA problem, may be highly uncertain as a result of many factors such as the interaction of customers and suppliers, distribution networks, business climate, and government legislation. The fuzzy programming approach provides a reasonable way to exploit the facility location problem under uncertainty. For example, Liu and Tian [10] designed a hybrid particle swarm optimization algorithm to solve the two-stage fuzzy FLA problem with VaR objective. Shankar et al. [11] proposed a multiobjective location-allocation problem for single-product in fourechelon supply chain architecture and exploited a hybrid algorithm combining the nondominated sorting algorithm and multiobjective particle swarm optimization to solve the model. Wen and Kang [12] considered some FLA models, such as the expected cost minimization model, ( , )-cost minimization model, and chance maximization model with random fuzzy demands, and integrated the simplex algorithm, random fuzzy simulations, and genetic algorithm to 2 The Scientific World Journal produce a hybrid intelligent algorithm. Mousavi and Niaki [13] developed three types of fuzzy programming models: fuzzy expected cost programming, the fuzzy -cost minimization model, and the credibility maximization model according to different decision criteria and solved the problems by a hybrid intelligent algorithm.
In a fuzzy decision system, fuzziness usually is characterized by fuzzy sets. In general, fuzzy set requires crisp membership function which cannot be obtained in practical problems. To overcome this difficulty, the type-2 fuzzy set as an extension of an ordinary fuzzy set was introduced by Zadeh [14] in 1975. After that, there are a lot of researchers who study, extend, and apply type-2 fuzzy sets [15] [16] [17] [18] [19] . Among them, Z.-Q. Liu and Y.-K. Liu [15] adopted a variablebased approach to depict type-2 fuzzy phenomenon and presented the fuzzy possibility theory which is a generalization of the usual possibility theory. Qin et al. [18] gave the mean value reduction methods for the type-2 fuzzy variables and applied them to model fuzzy data envelopment analysis. Wu and Liu [19] presented the equivalent value reduction methods and employed them to portfolio selection problems. To the best of our knowledge, there is little research for modeling FLA from type-2 fuzziness standpoint. In the current development, we will formulate a new fuzzy FLA model, in which the transportation costs and the customers' demands are characterized by type-2 fuzzy variables. More precisely, the fuzzy costs and demands can be represented by parametric possibility distributions, which are obtained by using the possibility value-at-risk (VaR) reduction method [20] . In order to solve the proposed minimum risk FLA model, we deduce the critical value formula of the reduced fuzzy variables, which are used to turn the original model with service quality constraints into its equivalent parametric mixed integer programming that can be solved by generalpurpose software. One numerical experiment is performed for the sake of illustration.
The rest of this paper is organized as follows. Section 2 derives the critical value formula of the reduced fuzzy variables for common type-2 triangular fuzzy variable. In Section 3, we develop a new fuzzy FLA model with minimum risk criterion. In Section 4, by means of the results obtained, we convert the original FLA problem to its equivalent model. In Section 5, one numerical example is given to highlight the significance of the proposed model and the superiority of parametric method. Finally, Section 6 summarizes the main conclusions in our paper.
Critical Value Formulas of Reduced Fuzzy Variables
Let be a regular fuzzy variable. Then the upper VaR of with respect to possibility, denoted by VaR ( ), is defined as
while the lower VaR of with respect to possibility, denoted by VaR ( ), is defined as
Let (Γ, A,Pos) be a fuzzy possibility space [15] 
Proof. We only prove the first equation, and the second one can be proved similarly. Since is the upper reduced fuzzy variable of̃, its parametric possibility distribution ( ) is given by (5) . On the basis of the definition of the pessimistic value of fuzzy variables, we have
According to the parametric possibility distribution ( ), we have
,
Note that
is the solution of the following equation:
By solving the above equation, we have
As for ∈ ((1 + − )/4, 1/2), (1/2, (3 − + )/4) and ((3 − + )/4, 1), it is similar to deduce
and
respectively.
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The proof of the assertion is complete. 
Proof. It can be proved similarly as Theorem 1.
The following corollaries show that the critical values of the VaR-based reduced fuzzy variables extend that of the expectation-based reduced fuzzy variables [18] 
sup ( ), and 3 sup ( ) are expressed in [21] .
The results mentioned above imply that the new method is much more robust to implement than the existing methods when we employ it to build a mathematical model with type-2 fuzzy coefficients. 
Formulation of Fuzzy FLA Model
Facility location-allocation problem was first proposed by Cooper [1] to study the problem of how to locate a set of new facilities to satisfy the customers' demands so that the total costs of opening facilities and variable operating cost are minimized. In the past, the parameters in the FLA model were known precisely. However, in many cases, the data cannot be known with certainty. The uncertainty in costs associated with transportation of final products may be caused by traffic congestion, weather conditions, fuel price fluctuations, and so on. Additionally, the customers' demands are also subject to uncertainty due to economic instability and market fluctuations besides other endogenous and exogenous factors. In this paper, we will develop a robust approach to dealing with fuzzy FLA problem. In our method, we will employ parametric possibility distribution functions instead of fixed possibility distribution functions to describe the uncertain parameters, and the parametric possibility distributions are obtained by using the possibility VaR reduction method. That is to say, the reduced fuzzy demands and costs have parametric possibility distributions, so they can serve as the representatives of type-2 customers' demands and transportation costs. In the following, we will adopt this modeling idea to construct fuzzy FLA problem. In the interest of brevity, we will display the parameters in Abbreviations Section.
Based on the notations above, the FLA model can be given as follows: 
In this situation, the objective value of model (16) is also a type-2 fuzzy variable, but it is meaningless to minimize the type-2 fuzzy variable without giving any criteria in advance. At the same time, the meaning of the constraints of model (16) is not clear, so we cannot judge whether or not a decision vector is feasible. Therefore, the form (16) is not well defined mathematically. To build a meaningful model, we can employ the possibility VaR reduction method to simplify the type-2 fuzzy variables̃and̃in the model (16) so as to get their reduced fuzzy variables and . If a decision maker wants to obtain a decision with minimum risk, then a new class of fuzzy FLA model may be constructed: 
The goal of fuzzy facility location-allocation model (17) is to choose at which location to open facilities and how to assign the commodities from facilities to customers such that the credibility is maximized that the total expected cost of opening and operating facilities do not exceed some given value 0 . The first constraint makes certain that the products are assigned to open facilities and that the distribution amounts do not exceed the facility capacity. In principle, the firm expects to satisfy the demands of customers exactly. However, in the real world, many unforeseen events will cause the change of the customers' demands. The second constraint represents that the distribution amounts from different facilities to customer should meet the customer's demand with a given service lever . The rest of the constraints are for the binary and nonnegativity restrictions.
With additional variable , model (17) is equivalent to the following mathematical programming model with a number of credibility constraints: 
In order to solve the fuzzy FLA model presented, it is required to compute the credibility of fuzzy events in the objective and in the constraints. In the next section, we discuss some special cases, where the uncertain parameters are characterized by independent type-2 triangular fuzzy variables.
Equivalent Representation of Fuzzy FLA Model
In our fuzzy FLA model, the parameter̃means the transportation cost from facility to customer . The transportation costs̃are different for every and , but they are affected by some common factors. So we introduce type-2 fuzzy variablẽthat can be seen as basic transportation cost and can rewritẽas a simple function of̃, that is,̃=̃, where is real number and comes from the interval [1.5, 2.5] randomly. Hence, all the type-2 fuzzy variables in the objective turn into the functions of̃1,̃2, . . . ,̃, together with the type-2 fuzzy variables̃1,̃2, . . . ,̃in the service level constraints, we only need to deal with the + type-2 fuzzy variables. Assume that̃and̃are mutually independent type-2 triangular fuzzy variables such that their elements are defined bỹ=
(19)
Suppose that and are the reduced fuzzy variables of and̃, respectively. Obviously, and are mutually independent fuzzy variables. Thus, the total cost constraint Cr{∑ =1 + ∑ =1 ∑ =1 ≤ 0 } ≥ has the following equivalent expression: 
If not, (20) is equivalent to
Similarly, consider the fuzzy demand in the service level constraint. We find that Cr{∑ =1 ≥ } ≥ has the following equivalent expression: 
or
In view of the discussion above, when the uncertain variables are mutually independent type-2 triangular distributions, the exact analytical expressions (21), (22) , (24), and (25) of the total cost and service constraints are available. Finally, we can reformulate the equivalent model of fuzzy FLA in the following two forms:
For a given confidence level , the solution process can be divided into at most two steps by decomposing the feasible region of original model, which is described as follows.
Step 1. Solve the mixed-integer programming subproblems (26)-(27), respectively.
Step 2. Chose the maximum value as the global optimal value to original model by comparing the optimal values to the two subproblems.
Since the parametric domain of variable is separated into two subregions according to the values of parameter , the solution process is executed at most two times by solving two different subproblems of problem (18) . We refer to this approach as the parametric decomposition method.
The models (26) and (27) are the parameter-based mixed integer programming, which can be solved by some conventional algorithms, such as branch-and-bound method. It is known that the LINGO is a state-of-the-art commercial software package including the branch-and-bound IP code.
One Numerical Example
In this section, we propose an example to demonstrate the modeling idea. The example is described as follows.
In the telemarketing industry, a big firm has confronted many facility location problems in possible sites for the call centers. Such unit calling cost changes dramatically depending on the location of call origin and receiving center; site selection is very important. Suppose that there are 14 customer zones and 8 sites under consideration for Tmark's catalog order centers. Any Tmark center selected can handle at most 2000 call units per day.
This problem was considered in [23] in which the unit calling charges and customers' demands were assumed to be constants. In this paper, we generalize the problem Tables 1, 2 , and 3 show the data for our problem. When = 0.8, = 0.85, = 0.9, and 0 = 38352, we use domain decomposition method to find the solution of the model (18) . For the subproblem (26), we can obtain the local optimal value 0.78097, while for the subproblem (27), we can obtain the local optimal value 0.78688. Consequently, by comparison, we can have the optimal objective value 0.78688 with the optimal solution as follows: 
The optimal solution means that the company needs to open 4 facilities located in 1, 4, 5, and 8. The customer zones 1, 2, 4, 5, 7, and 14 are served only by the facility 8. The customer zone 3 is served by the facility 1. The customer zones 6, 10, and 13 are served only by the facility 5. The customer zones 8 and 9 are served only by the facility 4. The customer zone 11 is served by both the facilities 1 and 4. The customer zone 12 is served by both the facilities 4 and 8, respectively.
In order to investigate the parameters' influence on the solution quality, we can compute the optimal value by adjusting slightly the parameters of FLA model. For simplicity, we assume that all are equal, denoted as . When the parameters and increase with fixed step 0.1 from 0 to 1 assuring other parameters being unchanged, the computational results of fuzzy FLA model corresponding to various different parameters and are reported in Figures 1 and 2 , where the symbol "Value opt " represses the optimal value.
From Figures 1 and 2 , we can see that the optimal cost varies while the parameters change. Specifically, the optimal value is a monotone increasing function with respect to ∈ [0, 1] and a monotone decreasing function with respect to ∈ [0, 1]. Therefore, with the method proposed in this paper, the decision maker can make better decisions.
Conclusions
The facility location-allocation problem is one of the most comprehensive strategic decision issues that need to be optimized for the long-term efficient operation of the firm. The paper extended the traditional FLA model and developed a new fuzzy FLA model with type-2 fuzzy parameters. To summarize, the major distinguishing features of the current research are as follows.
(i) Theorems 1 and 2 present the critical value formula for the VaR reduced fuzzy variables of type-2 triangular fuzzy variable. Using the formulas, we can reduce the complexity of computing the credibility constraints so that much time can be saved when solving the proposed FLA model.
(ii) For the first time, we proposed a new fuzzy minimum risk facility location-allocation model, in which the unit transportation cost and demands of customers were uncertain and assumed to be type-2 fuzzy variables. On the basis of the possibility VaR reduction method and obtained formula, we converted the original optimization problem into its equivalent parametric programming model and found the corresponding optimal solutions through parametric decomposition method.
(iii) We provided a numerical example to demonstrate the effectiveness of the proposed model. The computational results showed that the parametric method was robust for parameters selection and had advantages for FLA problem.
In a word, this paper studied fuzzy FLA problem from the theoretical and computational viewpoint. The methodologies used in this paper were quite general and can be applied to the decision making problems in different areas with type-2 fuzzy parameters.
Abbreviations
: Index of facilities, = 1, 2, . . . , : Index of customers, = 1, 2, . . . , : The nonnegative fixed cost for opening the facility : The maximum possible capacity of a facilitỹ : The type-2 fuzzy cost used to satisfy the demand of customer from facilitỹ : The type-2 fuzzy demand of customer : Binary variable indicating whether facility is open or not : The amount transported by facility for customer .
